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Mc/sec obtained by the Leiden group!® from calori-
metric measurements at 78 Mc/sec. On the basis of an
extrapolation to y=0 of their x’//» data, Locher and
Gorter” confirm the calorimetric value, but it is not
clear on what basis they drew their extrapolating curve.
The value of 757! obtained by Broer on the basis of a
Gaussian shape function of rms width vy, is 7100 Mc/sec.

In the S=1% case, the width of the zero-frequencyband
is approximately »,, a frequency which also corresponds
to the absorption of a quantum by a single-ion flipping
in a field H;. In reality, of course, the single-ion view is
not applicable. For small fields (H<H;) pure states
exist only for the crystal as a whole. There are no indi-
vidual spin flips, but a sort of “cooperative flipping.”
Yet if we adhere to the notion that considering a spin
flip in a field H; provides an estimate of the width of
the band, the band which we observe in chrome alum
(S=%, H;=310 G) corresponds to the complete flipping
of adipole (i.e., the transition —% — +$% absorbs quanta
of frequency 3»y=2700 Mc/sec). This rule of thumb
might be verified by measurements on suitable systems
with various values of .S. Magnetic field dependence
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studies would also be helpful. For instance, some pre-
liminary studies we have made show the manner in
which the flat-topped curve in Fig. 7 evolves continu-
ously into a resonance spectrum as increasingly larger
static magnetic fields are applied perpendicular to the
rf fields.

Figure 6 indicates that the shape function in chromic
potassium alum is independent of temperature at liquid-
helium temperatures.

V. CONCLUSIONS

The method which has been developed for measuring
spin absorption as a continuous function of frequency
enhances the understanding of the zero-frequency band.
In cupric salts in zero field the theories of shape function
moments and relaxation times are generally confirmed,
though there remain theoretical and experimental
difficulties for cases of very large exchange interaction.
The results for the chromic alum are entirely unexpected,
and suggest several avenues of approach for further
study.
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Recent results of specific heat measurements of yttrium iron garnet in zero applied field have been ana-
lyzed previously by using the approximate spin-wave dispersion relation 7w = D#k? neglecting the effects
of the dipolar interaction and anisotropy. It is shown that this approximation is valid for temperatures

above ~0.2°K.

I. INTRODUCTION

HE low-temperature specific heat of yttrium iron
garnet (YIG) has been measured and analyzed
recently in terms of the spin-wave and lattice contribu-
tions in order to determine the exchange constant 1.1~
In analyzing the data, the spin-wave dispersion relation
was approximated by

fuwr=DEk?, (1)
where the exchange constant D is related to the Landau
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exchange constant 4 by the relation
A=DM,/2gus.

In this paper we examine the effect of this approxima-
tion and show that in the temperature range above
1°K in which the experiments were performed the
approximation is quite good. At lower temperatures,
of the order of 0.2°K in YIG, the approximation is no
longer valid. The experimental results of references
one through four are summarized in Shinozaki’s paper.

II. SPECIFIC HEAT CALCULATION

The spin-wave contribution to the specific heat is

d 1
Co=—— /dk
aT (2r)?

In the approximation (1) the integral is easily evalu-
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exp (ho/ksT)—1
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Fi1c. 1. Dispersion re-
lation (4) for no applied
field.

ZsinG=N, Dk2, Dk2

ated to give
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Co=— = kB<_”i> T3/2=0.113k3(—> T2, (3)
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where { is the Riemann zeta function. In evaluating
this integral it was assumed that DZ? at the edge of the
Brillouin zone is much larger than k7T so that this
upper limit may be replaced by . When the approxi-
mation (1) is not valid, Dk? must be replaced by the
more general expression for the magnon energy %wg.
The expression for 7w including cubic anisotropy is®

fiwr= [ (DR*4-hewi) (DR -7+ ioom sin’y,)
71w 4 (Froom Sin?0y, cosPr—Hwa) J12,

where 0, is the angle between the applied field and the
wave vector k, wp=4myM,, wa is related to the an-
isotropy constant, and the internal frequency is w;
=y(Ho—4wN.M+A), where Hy is the applied field,
N, is the z demagnetization factor, and 4 is an effec-
tive average anisotropy field. In the case of YIG,® w4
=0.035 wn, and hence can be dropped from the dis-
persion relation. For no applied field, Ho=0, this
becomes

Huon=[ (DR~ N J1om) (D= N iom+Ticom sin®9) 2. (4)

This relation is illustrated in Fig. 1 as a graph of 7w,
as a function of Dk* with 6, as a parameter drawn for
the case N,=3% for a single domain spherical sample.
Since there is no applied field, the sample is not satu-
rated in general. We assume that (4) is valid within
a single domain. Since the sample is not saturated, N,
in (3) will not be the z demagnetization appropriate to
the sample shape; but N, will depend on the mag-
netization of the neighboring domains. The determina-
tion of N. will be avoided by treating (4) in an ap-
proximate way. Since the integral in (2) is difficult to
evaluate when 7w, is given by (4), we replace (4) by
three models which contain the general features of (4).
These models (A),

DE? for DE*>hwy

hwk= ,
0 for DE:*<hwy

(Sa)
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FiG. 2. Three approximate dispersion relations.

(B),
Dk*—twy for DE2>hwy
0 for DE*<fwy
and (C),
fiww= DR+, (5¢)

are illustrated in Figs. 2(a), 2(b), and 2(c). All three
models give the same general result that the correction
to (3) is small when kzT>>%wy.

In case (A) from (2) and (5a) the specific heat is
given by

d 1[ kat dkkMws
=" / B
aT 2x? 0 1+ (flwk/kBT)—l

N ©  dkk2DE ]
/,CM exp(Dk/ksT)—11"

DkM2=th.

where we define

By writing the second integral as J5*— /¥, we find

da 1 kym® D /kgT\5?
c=— L br=—(=) Taxa)
dT 2q* 3 2\D

D kBT 5/2 ,Dkm2/kBT x3/2
=) e
2 D 0 et— 1

Approximating the last integral by expanding e yields
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In case (B), (2) and (5b) give

d 1 kar
C=————[/ dkk2kgT
dT 27J o

. = dkED (B2 — k) :I
/kM exp[D(B2—ka?)/ksT]—1]"

Let
x=D(k—ku?)/kpT
and
6=DkM2/k3T.
Then
d 1 ky® D /kpT\*? * dxx(x+e)'/?
C=—*[kBT~—+—<—> /——-———:I
dT 2x* 3 2\D 0 e*—1

This integral is approximated by breaking it into two
parts. For x<e and for x> e:

®
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The evaluation of the integrals is not difficult:
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With (2), this gives

d 1( kb D/EsTNF  /Dhat\
=) G
3 2\ D kaT
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T dT 2
With Dky®=%wy this can be rewritten as
C=Co[14-0.39 (o rr/kpT)+0.094 (s s/ ks T)*].  (7)
In case (C), (2) and (5¢) give
d 1 r®
C=
dT 27% ),

><F(%)s°(%)+%<

(DE+-71wsr)
exp[ (DR +-Hoon) /ksT]—1

With x= DEk? this becomes
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These integrals are of the form

0 xs

/ dx
o (1/8) exp(x/7)—1
for £<1; hence
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With .
S@H= T —=1501/8,

m=1 m5 2
this reduces properly to (3) when #wy=0. For
fwu<LkpT the first and second summations on the
right-hand side of this equation have approximately
the values {(3) and {(3), respectively; thus with {(3)
=1572/8 and {($)=x'2/2, we have

<[l @

We should mention in passing that the (C) dispersion
relation (5c) is a good first approximation to dispersion
relations in the presence of an applied magnetic field
H, if hwy is replaced by #yHo. Thus (8) or the ap-
proximation (9) gives the heat capacity in the presence
of an applied field. Kunzler, Walker, and Galt* have
also obtained this result (8) for the effect of a magnetic
field on the heat capacity.

III. CONCLUSIONS

All three models investigated above lead to the same
general result that for %wy/ksT<<1 the leading term in
the heat capacity is Co, the heat capacity for the ap-
proximation #wz=DEk?. The first correction term is
smaller than this leading term by a factor of the order
of (hwu/ksT)"™, where n=%, 1, 1 for cases (A), (B),
and (C), respectively. Hence the leading term Cy is a
good approximation in the high-temperature limit
fiwy/kpT<<1. Since these results are the same for all
three approximations, it is expected that the results
are also valid for the true dispersion relation (4).

It is concluded that the approximate dispersion rela-
tion %w,=DFEk? leads to a good approximation to the
specific heat when #wy/kpT<<1. This is physically
reasonable, for when kpT>>%wy, many high-energy
magnons having %wi>%wy are excited, and for these
magnons #w,=Dk? is a good approximation to (4).
For YIG at room temperature 4rM=1750 G and
#wopr/kp=0.2°K. Shinozaki’s lowest temperature was
1.5°K, Kunzler et al. was 1.45°K, Meyer and Harris’s
was 1.4°K, and Edmond’s and Peterson’s was 1°K.
Thus the high-temperature approximation %iwa/ksT<<1
is well satisfied in all the experiments, and the ap-
proximation %w;= DE? is good for all four experiments.
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